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Introduction

This presentation file is available at

This talk is based on
Minoru Hirose ([5#8%2), Hideki Murahara (#[R%E#t), and S. S.,

t-adic symmetric multiple zeta values for indices in which 1 and 3

appear alternately,
Acta Arith. 216 (2024), 249-275,
https://doi.org/10.4064/2a231109-9-7 (open access).
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Indices in which 1 and 3 appear alternately

An index is a finite (possibly empty) sequence k = (ki, ..., k) of positive
integers.

In this talk, a good index means an index in which 1 and 3 appear
alternately.
E.g. (3), (1,3,1), and (3,1,3,1) = ({3,1}?) are good indices.
We also regard () as a good index.
We classify good indices into the following four types:
e Type 11: k starts with 1 and ends with 1, i.e. k = ({1, 3}",1).
e Type 13: k starts with 1 and ends with 3, i.e. K = ({1, 3}").
e Type 31: k starts with 3 and ends with 1, i.e. K = ({3,1}").
e Type 33: k starts with 3 and ends with 3, i.e. K = ({3,1}",3).
Why are we interested in good indices?

— Because the multiple zeta values for good indices are polynomials of
the Riemann zeta values.



Multiple zeta values for good indices

For each index k = (k1,. .., ky) that is admissible (i.e. r =0 or k. > 2),
we define the multiple zeta value (MZV) by

C(kl,...,kr) = Z %GR

kr
1<ni<-<nyp nl L

Type 13 (conjectured by Zagier (1994) and proved by Borwein, Bradley,
Broadhurst, and Lisonék (1998/2001)):

24n
L3 = g €O

Type 33 (Bowman and Bradley (2003)):

C({3,1}%,3) =47 (—1)i¢(4i + 3)¢({4}™ )
=0
€ Q[r?,¢(3),¢(5),...] = Rie.

Remark: (({4}") = 22n+1x4n /(4n + 2)! € Qmin.



Regularized multiple zeta values for good indices

For non-admissible indices k, we can consider
o the harmonic (stuffle) regularization {*(k) € Z := spanp{MZVs} and
o the shuffle regularization ¢"'(k) € Z.

All non-admissible indices that appear in this talk have only one trailing 1,
and so we may write ¢ without distinguishing ¢* and (.

Types 11 and 31 (Bachmann and Charlton (2020)):

¢({1,3}",1) =272y (~1)%¢(4é + 1)¢({4}") € Rie,
=0

{31 =272 37 (—1)H(i+ )¢ + 34
1<i<n—1
0<j<n—i—1

+ (=)™ D47 ({4F)C({437) € Rie.
=0



t-adic symmetric MZVs for good indices

In summary, we have ((k) € Rie for all good indices k.
What about the t-adic symmetric multiple zeta values for good indices?

For each good index k = (ky, ..., k), we define the t-adic symmetric
multiple zeta value (t-adic SMZV) by

Gk) = 3D k)Y (H (kj-i‘llj—l))

=0 li+1,...,lr20 j='i+1
X C(kr A bpy ooy ki1 + L)t T Hr € Z([H]).

The constant term of the t-adic SMZV is

T

[0 (k) = ) (—D)Fer oy, ki) C s - Kiga) € 2.

=0



Kaneko-Zagier conjecture

The Kaneko-Zagier conjecture asserts that the .A-MZVs

CA(kla"',kr) = ( Z ﬁ modp)
p

1<ni; < <nr-<p nl C Ny

- (o) / (@)

where p runs over all primes, and the S-MZVs

Cs(ky ..o kr) = [t9¢(K, . .., ky) mod 722
€ Z/mZ

satisfy the same relations.



Refined Kaneko-Zagier conjecture

The refined Kaneko-Zagier conjecture asserts that the A-MZVs

1
Calk, ... ky) = (( > ﬁmOde> )
1<n1 < <nr<p L p/ m

ez:%((rp[z/pmz) / @Z/pmz))

Cs(k) = Gi(k1,- . ., kr) mod mZ
€ (Z2/m*2)][[t]]

and the S-MZVs

satisfy the same relations.



Constant term of -SMZVs for good indices

Question

Is it true that (;(k) € Rie for all good indices k? — No in general.
— For which m € Z> is it true that [t™]{;(k) € Rie for good indices k7

We begin by looking at [t°]¢; (k).

If k is of type 11 or 33, then [t°]¢;(k) = O € Rie, as illustrated by
[°1G(1,3,1) = ¢(1,3,1) — ¢(1,3)¢(1) +¢(1)¢(1,3) = ¢(1,3,1) = 0.

If k is of type 13 or 31, then the harmonic relation implies that

IG5 = 163,117 = (0" (= gy

as illustrated by

[t°]¢(1,3) = ¢(1,3) — ¢(1)¢(3) +¢(3,1)
=¢(1,3) = (¢(1,3) +¢(3,1) + ¢(4)) +¢(3,1)
= —((4).

7r4"> € Rie,



Coefficient of ¢ in t--SMZVs for good indices

If k is a good index of type 11, 13, or 31, then [t](:(k) € Rie:
Theorem (Types 11, 13, and 31)

_A\n+1
R

_A\no+1l(o _ (_A\)—1
et sn - 3 SV LD i an 1

no,n1>0
no+ni=n

9no—n1 +2

- (=" Z (2710—_‘_2)!7"2”%(2”1 +1),

ng,n1>0
no+ni=2n
ng,n1 odd

163, 1}") = (=)™ >

no,n1>0
no+ni=2n

In contrast, [t]¢;(3,1,3) = 22T 4 T ¢(3)2 — 5¢(3)¢(5) — (3, 5) is
presumably not even in Rie 4+ 72Z.

(_ 1)n0 9no—n1 +2

2o (2 1).
Gror ol " c@m+l)




Coefficient of t*> for good indices of types 11 and 31

If k is a good index of type 11 or 31, then [t?](;(k) € Rie:
Theorem (Types 11 and 31)
[t2]ct({17 3}n’ 1) = (_1)'n Z

ng,n1>0
no+ni=2n-+1

(_1)n1 2n0—n1—|—2
(2no + 2)!

7r2"°C(2n1 +1),

(21 ({3,1}")
=(-n" >

ng,n1,n2>0
no+ni1+nz2=2n

(_1)n02n0—n1—n2+2

G oy @+ 1)((2ns +1).




Coefficient of t*> for good indices of type 13

In contrast,
[t2]<t(17 37 19 3)

10 4 2 ?
S — oot — 750(3)* — Z¢BIT) + TC3)(6) + ¢ (3,5)

_ o 2
8 <) 935550 180

is presumably not in Rie. But it is in Rie + 72 2.

Theorem (Kento Fujita (2025+), conjectured by Hirose, Murahara, S.)

(%1 ({1,3}™)
=2 ) (9™ =2)((-4)7" - 2)¢(4n1 + 1){(4ng + 1)

nl)nQZO
ni1+n2=n

—2(=4)™ Y ((4m +3)((4nz+3) (mod 72Z).

ni,n2 ZO
ni+ns=n—1



Coefficient of 3 for good indices of types 11 and 31

4378 2 9
[#]6:(1,3,1) = — 205 — 75¢(3)7 + 5CB)E) +¢(3, 5),
8 Tt 2 19
[£°1¢:(3,1,3,1) = ~1132°0) ~ 155¢(M - 54(3)3 + ZC(3)2C(5)
6
+20(3)¢(3,5) + 755¢(8) — 1577¢(9) —2¢(3, 3, 5)
+22cq).

These are presumably not in Rie + 72 2.



First step towards a proof

For a good index k, we want to compute the coefficients of ¢ and t2 in

G(k) = Z(_l)ki+l+-..+krg(k1,...,ki) Z ( H (kj +ll_.7' — 1>>
=0 !

lit1,.-lr>0 \ j=i+1
X (ke + Ly ki1 + g )ttt € Z[[H).
Since k is good, so are (k1,...,k;) and (kr,...,kit1)-

Therefore we know the values of {(k1,...,k;).
We shall evaluate

,
ki+1;—1
Z ( H ( ! l-] ))C(kr+lr,---,kz'+1 +lit1)
Lig1,slr>0  \ j=i+1 J

lit1++lr=m

by using the shuffle product.



Evaluation using the shuffle product

For example, if m =1 and (k,...,ki+1) = (1,3,1,3), then

Z (1+l1—1>(3+l2—1><1+l3—1)<3+l4_1
I,..,1a>0 h ly I3 ly

li+-+la=1
XC(1+1,34+12,1413,3+14)
=((2,3,1,3) +3¢(1,4,1,3) +¢(1,3,2,3) + 3¢(1,3,1,4)
= Z" (yzyz®y?s® + 3yPry’2? + yPrlyzyx? + 3yPzPy?a®)
= Z%(z Wwylay?e? — zyPaty?s?)
= —Z"(zy’a’y’s") (Z"(x) =0)
= —Z¥(y*2*y’c’y) (duality)
=—((1,3,1,3,1).

)



